Conventional density functionals with either the local density approximation (LDA) or generalized gradient approximation (GGA) form of the exchange-correlation potential fail to describe the electronic structure of a large number of metal oxides. Both, LDA and GGA grossly underestimate the band gap of these materials which severely affects the description of oxygen vacancy point defect states in reduced samples. To find a pragmatic approach to simultaneously and accurately describe the atomic and electronic structure of TiO 2 most common polymorphs, we explore the effect of the percentage of exact, non-local, Fock exchange on the electronic structure of stoichiometric rutile and anatase. From these results, a modified hybrid functional is proposed to properly describe the atomic structure, formation enthalpy and electronic structure of rutile and anatase and, at the same time, results for reduced samples are also in good agreement with available experimental results. The present approach can be safely used to accurately describe numerous TiO 2 based materials containing defects or realistic nanoparticles for which the large unit cells required or system sizes hinder the use of GW related techniques.
Introduction
Titanium dioxide (TiO 2 ) has attracted much attention due to its numerous applications such as photocatalysis, 1 solar cells 2 and energy and environment. 3, 4 In particular, the discovery by Fujishima and Honda that irradiating TiO 2 by light in the ultraviolet region triggers water splitting, 5 has resulted in enormous efforts in the search for efficient TiO 2 based photocatalysts, paramagnetic resonance (EPR) experiments 22 , 23 with the assignment confirmed by previous theoretical calculations. 24 Therefore the extra electrons left on the solid upon oxygen removal are well localized in this Ti 3+ centers. The results from LDA and GGA were inconsistent with the experimental observation from diverse spectroscopic techniques based on rutile samples, where the O v defect induced energy level appeared 0.7 ~ 1.0 eV below the conduction band minimum (CBM), [25] [26] [27] [28] and also failed to describe the localized nature of the trapped electrons.
To resolve the problem of abnormal strong delocalization effect on reduced TiO 2 systems it is necessary to go beyond the LDA and GGA schemes. In this sense, the DFT+U and a variety of hybrid functionals have been employed to correct, at least in part, the self-interaction error inherent to LDA and GGA in describing the electronic structure of TiO 2 systems. 29 -36 A comprehensive review has been reported recently by Di Valentin and Pacchioni. 37 In the DFT+U methods, the U parameter that represents the screened on-site Coulomb interaction of Ti(3d)
electrons although a second U parameter added to O(2p) further improves the results. 30, 38 In the hybrid methods, a fraction of non-local Fock exchange is added which, even if applies to all electrons in the system, constitutes an external parameter (for further details see the reviews in
Refs. 16 and 37) . The amount of Fock exchange to be used constitutes an open issue and it has also been suggested to fix it based on the dielectric constant of the materials. 39 This approach has been recently used to investigate TiO 2 and other semiconducting oxides, 40 at first sight it may seem a suitable ab initio alternative but one must realize that it also introduces information not included in the first principles Hamiltonian.
Actually, a number of DFT+U and hybrid functional calculations successfully predicted the position of the O v energy levels as summarized in the electronic supplementary information (Table S1 ). In DFT+U method, the results obviously depend on the value of the U parameter which is usually in the 2.0 -4.0 eV range. This choice leads to O v energy levels between 0.1 and 1.6 eV below the CBM, which seems to be qualitatively correct. However, the calculated band gaps were markedly underestimated over 10 ~ 34 % (see Table S1 ) and reproducing the experimental band gaps adding just one U term for the Ti(3d) states has not been possible. 41 In fact, a large U parameter value of 6 eV on Ti(3p) and O(2p) are required to accurately reproduce the band gap of anatase, rutile and brookite [42] [43] [44] 36 The difference between the two HSE calculations can be attributed to the different amount of Fock exchange used; Janotti et al. 35 used HSE with a reduced value of 20% of Fock exchange whereas Déak et al. 36 used the standard 25%
value proposed in the original work of Heyd et al. 51, 52 In any case, different hybrid functionals resulted in the O v energy levels between 0.5 and 1.35 eV below CBM (see Table S1 ). 35 and of Déak et al. 36 clearly shows that the amount of Fock exchange is a key parameter and may be system dependent. This is in full agreement with previous work showing that a 35% of Fock exchange is required to properly describe the atomic and magnetic structure of NiO. 54 This work strongly suggests tuning the amount of Fock exchange so as to reproduce known observables, as followed by Alkauskas et al. 55 In this study, we follow this strategy to explore whether a modified hybrid functional is able to simultaneously and correctly describe the crystal and electronic structure of stoichiometric and reduced (O v containing) TiO 2 polymorphs overcoming those drawbacks of DFT method. In order to achieve this goal, firstly we tried to find the optimal value of %Fock in PBE0 functional to estimate the band gaps of bulk rutile and anatase from the Kohn-Sham band structure. One must point out that this is not rigorous since many body effects in the quasi particles are lacking even when using hybrid functionals. However, this is a broadly used approach when GW type calculations are unaffordable. By tuning the %Fock, Moreira et al. 34 were able to successfully describe the electronic and magnetic structure of NiO. Very recently, Gerosa et al. 40 tuned the %Fock for TiO 2 using information from the dielectric constant and found good agreement between the calculated Kohn-Sham gap, GW results and experimental values. In a second step, the newly defined functional containing the optimal %Fock has been used to calculate the band gap of brookite (not used at the tuning step) and the electronic structures and physical properties for pristine and reduced TiO 2 rutile and anatase. The accuracy and benefit of the modified functional of the present approach will be established by comparing the calculated results to those obtained with the standard PBE functional as well as to available experimental data. We expect that the rationally proposed modification of the PBE0 functional will be helpful in the study of photocatalysts based on TiO 2 nanoparticles containing hundreds or thousands of atoms.
Materials models and computational details
Periodic density functional calculations with the standard PBE and with a modified hybrid with various amount of Fock exchange have been carried out for stoichiometric and reduced rutile and anatase polymorphs of TiO 2 . In the first step, experimental values were used to define the primitive cell parameters of stoichiometric rutile and anatase and single point calculations were carried out to obtain the band gap as a function of the amount of Fock exchange. The unit cell for bulk rutile and anatase contained 6 and 12 atom, respectively. In the second step, geometry optimization for the bulk was carried out using the fraction of Fock exchange which reproduces the band gap of rutile and anatase at the experimental structure. The convergence criteria for geometry relaxations were set to 10 -3 eV/Å.
The same modified hybrid functional, hereafter denoted as PBEx, was used to study the atomic and electronic structure of reduced rutile and anatase; i.e. supercells containing one oxygen vacancy (O V ). To this end, the bulk unit cells were conveniently enlarged to avoid an excessive concentration of oxygen vacancies as described in detail in Section 3.3.
The periodic density functional calculations were carried out including all electrons in the systems with the overall density described by means of numeric atom-centered orbital. For the stoichiometric systems, tight grid and tier-2 basis set were employed with scalar-relativistic effects treated at the scaled ZORA level. 56 Integration in the reciprocal space was carried out using 7×7×7 and 8×8×8 gamma centered k-point meshes. The same k-point meshes were used to compute band structure of each polymorph which, in turn, was used to extract the band gap. For the larger supercells containing O v and the concomitant polaronic distortion, we adopted light grid and tier-1 basis set. For the stoichiometric systems, results from this computational setup do not significantly differ from those obtained using more accurate settings, as described in detail in the next section. For the reduced systems, the supercells are large enough so that calculations at -point converge the total energy to within a tolerance of 10 -2 eV/Å.
The formation enthalpy (∆H f ) of pristine TiO 2 polymorphs has been computed as (1) Herein, H denotes the enthalpy for each component. For solids, the contributions for pressure (P) and volume (V) are very small and can be neglected. Thus, we assume that the internal energy of each solid state is almost equivalent to its enthalpy. Equation (1) can be changed as
The value for U(Ti n O 2n ) is simply used as the calculated energy for pristine TiO 2 polymorphs whereas U(Ti) is the calculated atomic energy for hcp bulk Ti which was obtained employing the experimentally obtained crystal structure for Ti solid. 57 Hence, the lattice parameters were fixed accordingly and atomic positions in the unit cell relaxed with the appropriate functional (PBE or PBEx) with 7×7×7 gamma centered k-point meshes. For the O 2 molecule, the enthalpy contribution is obtained as in Eq. (3) based on standard ideal gas, rigid-rotor, and harmonic oscillator approximations.
where, T is the absolute temperature and is the vibrational temperature. The factor of 7/2 results from ideal gas and rigid-rotor approximation for a homonuclear diatomic molecule. And is defined as (4) where v denotes vibrational frequency, h and K B are Planck's and Boltzmann's constants, respectively. The optimization and vibrational frequency calculations for an oxygen molecule were carried out to obtain this enthalpy contribution using the appropriate functional.
Calculations related to formation enthalpy used a more stringent convergence criteria of 10 -3 eV/Å for geometrical relaxations. The zero-point energy correction for oxygen also was considered. It should be noted that our calculated enthalpy formation energies are obtained by using the temperature values of standard condition (T = 298.15 K).
All calculations were carried out using the FHI-aims code 58 , 59 running on the Marenostrum supercomputer of the Barcelona Supercomputing Center. It is worth pointing out that the calculations with the hybrid functionals (PBE0 or suitable modifications of this functional) are time consuming and required using systematically 512 cores in the case of the primitive cells and 1024 in the largest supercell.
Results and discussion

1. Defining the PBEx functional
In a preliminary step, the effect of Fock exchange on the quantitative prediction of the band gap of TiO 2 systems was investigated and, in order not to mix different effects, the experimental crystal structure 60, 61 for rutile and anatase TiO 2 bulk polymorphs was employed.
Starting with the PBE0 potential having a 25% of Fock exchange, this parameter was varied from 0 % to 60 % to calculate the band gaps of these materials. We must point out again that the band gap estimated from the Kohn-Sham band structure is not fully justified from theory but it constitutes a useful and pragmatic approach and is the one chosen here.
As seen in Figure 1 and electronic supplementary information (Table S2) (Table S1 ).
Based on the linear fitting in Figure 1 , it is clear that one can tune the %Fock parameter in the PBE0 functional so as to reproduce the experimental band gap values. It appears that %Fock values of 12.1 % and 12.9 % reproduce the band gap of rutile and anatase, respectively. These values are sufficiently close to adopt a 12.5 % value for %Fock exchange, which is an average value for both systems. It should be noted that this value is very close to 13 % of Fock exchange for the hybrid functional, as previously proposed for rutile TiO 2 by Zhang et al. 66 These authors used the exchange and correlation contributions of LDA proposed by Moreira et al. 54 in their study of electronic and magnetic structure of NiO and then examined the performance of their modified functional in describing the electronic properties of pristine bulk rutile TiO 2 and the stoichiometric and reduced TiO 2 (110) surface. The resulting functional with 12.5 %Fock will be referred to as PBEx to distinguish from the standard hybrid PBE0 functional.
Note that 12.5% of Fock exchange corresponds exactly to half the value in the PBE0. To further proof that PBEx is able to properly describe the electronic structure of TiO 2 based materials, we have considered the band gap of brookite, another well-known TiO 2 polymorph. At the experimental crystal structure, 67 the PBEx calculated band gap is of 3.37 eV which is in good agreement with experimental values in the 3.1-3.4 eV range. 68 In order to investigate whether PBEx is able to properly describe the main features of TiO 2 , several properties are computed for stoichiometric and reduced models of rutile and anatase.
Validation of PBEx on bulk TiO 2 properties
The amount of Fock exchange defining the PBEx functional has been empirically derived to reproduce the band gap of rutile and anatase at the experimental crystal structure. In order to further validate this approach, the lattice parameters, band gap and formation enthalpies for primitive cells predicted by the hybrid PBEx functional are discussed and compared to experiments and also to those predicted by the standard PBE functional.
The calculated lattice parameters using both PBE and PBEx together to errors with respect to experiment are listed in for rutile, and from 4.9 % (PBE) to 2.0 % (PBEx) for anatase, respectively.
The calculated unit cell parameters and physical properties listed in Table 1 validate the reliability of the PBEx functional to describe the geometrical descriptions as well as electronic structures of stoichiometric bulk systems. Though the structural results are similar to those obtained with other hybrid functionals, the electronic structure obtained by PBEx is now comparable to experiment, while both B3LYP and PBE0 significantly overestimate the band gap of both polymorphs. 47 In the next section we will show that the PBEx functional adequately described reduced TiO 2 models as well.
PBEx description of the electronic structure of oxygen vacancies in rutile and anatase
The calculations for the O V containing large supercells involve a somehow less stringent basis set, as mentioned above. Results in In the case of reduced anatase, the PBE functional predicted the spin density of the two unpaired electrons fully distributed with high spin over all Ti atoms in the supercell ( Figure S3 ).
On the contrary, the PBEx hybrid functional predicted almost degenerate spin states with localized unpaired electrons. A similar behavior has been reported by Finazzi et al. using the B3LYP functional and a rather limited basis set of localized GTOs functions. In the present case, three different solutions were found with PBEx. In the first one (I), the spin density arising from the two unpaired electrons is localized over the three Ti atoms (Ti 1-3 ) directly adjacent to O V site and is similar to the previously reported solution for antiferromagnetic singlet state obtained by Deák et al. 36 In the second solution (II), one electron is localized on Ti 1 atoms and the remaining spin density is delocalized (II). Finally, a fully delocalized solution similar to that obtained with PBE also found (III). Surprisingly, III is the ground state with II and I being 0.36 and 0.44 eV higher in energy. Solutions (II) and (III) can be obtained starting from I by gradually increasing the bond distance of l(Ti 4' -O 2 ) to induce symmetry breaking. Unfortunately, all attempts to find a solution with two electrons localized on Ti 1 and Ti 4' (IV) were failed which was reported as the most stable solution (0.08 eV lower than II) for reduced anatase, as reported by Finazzi et al. 33 .
In order to analyze the origin of the difference, a single point PBEx calculation was carried out at the optimized structure by Finazzi et al. 33 that was made available to us by these authors. This
PBEx single point calculation converged properly to a solution with two electrons localized (see IV in Figure S3 ). This result clearly indicates that the PBEx is able to locate the solution with two electrons localized and strongly suggests that the difference comes from a different structure for the supercell with the O V . In fact, subsequent geometry optimization with PBEx functional starting from this structure led to a slightly different structure where the two electron localization eventually disappeared. It is worthy pointing out that solution IV as reported by by Finazzi et al. 33 was found for a primitive unit cell with lattice parameters a,b = 3.776 Å and c = 9.866 Å that have much larger deviation from the experimental crystal structure (a,b = 3.785 Å and c = 9.514 Å) than those predicted by PBEx, especially for the c parameter. Clearly, the existence of IV depends strongly on the use of a given crystal structure and much less on the amount of Fock exchange in the hybrid functional. This result also shows the delicate balance between atomic and electronic structure.
Oxygen vacancy formation energy in rutile and anatase
To further analyze the performance of PBEx functional for reduced TiO 2 polymorphs, we calculated the oxygen vacancy formation energy ( ) as (5) where and represent the total energies of the reduced and pristine TiO 2 with fully relaxed supercells, respectively. In the case of the pristine TiO 2 both unit cell parameters and fractional coordinates of atoms were fully relaxed. In the case of the O V containing unit cell, the lattice parameters for the stoichiometric material were used and the fractional coordinates were fully relaxed. In Eq. (5) GGA+U (U = 3 ~ 4 eV) approaches, as summarized in Table S1 . More importantly, the present PBEx calculated value is close to the experimental value of 4.55 eV reported, 79 which was as an appropriate reference in previous theoretical works. 32, 33 Anatase is more complicated because of the variety of nearly degenerate solutions commented in the previous sections. In the following, we discuss each solution separately but it is important to keep in mind that, for each of them, the atomic structure is different since it corresponds to the fully relaxed geometry. (Table S1 ).
From the preceding discussion one can safely affirm that the PBEx calculated values are in the range of values reported in the literature. Note, however, that these values are referred to half the energy of the oxygen molecule. Consequently, a more direct comparison to experiment is difficult.
Density of states in oxygen vacancy containing rutile and anatase
The formation of O V is accompanied by a shift of the Fermi level towards the bottom of the conduction band (conduction band minimun or CBM) due to the excess electrons.
Nevertheless, to properly define the Fermi level a proper alignment with respect to the vacuum is required. 64 In the present work we simply aligned all calculated DOS by taking the valence band In order to obtain a more accurate estimate of the energy peak in the DOS related to the O V defect state, we analyzed the atom-projected and angular-momentum resolved partial density of states (pDOS) focusing especially on Ti 1-4 atoms where most of the excess electron density is localized in the Ti(3d) orbitals, especially for PBEx. The maximum of the peak in the pDOS for specific atoms is listed in Table 2 . At the PBE level, the O V peak maximum appears at -0.01 eV and 0.1 eV below the CBM for rutile and anatase, respectively. However, from pDOS related to the experimental feature appears also at 1.0 eV below CBM, as in the case of rutile. 80 At this point it is worth pointing out that a direct comparison to experiment is not straightforward. In fact, Gerosa et al. 78 argue that this feature may be related to the +1 charged O V where upon O removal only one electron is left on the material.
Conclusions
Using periodic models and an all electron description with accurate numerical basis sets, The PBEx functional is also found to properly describe the properties of oxygen vacancy defect in rutile and anatase TiO 2 bulk systems. For rutile, the defect state exhibits a physically meaningful localized character and appears 1.0 eV below the CBM, in agreement with previous work [34] [35] [36] 40 and with experiment. 27, 28 For anatase the calculated total density of states (DOS) and atom-projected and angular-momentum resolved partial density of states (pDOS) predict the Ov defect state at 0.5 eV below the CBM. This is in qualitative agreement with experiment although it appears that this value is too close to the CBM; here experiments also point out to an O V related feature at 1.0 eV below the CBM. 80 However, it has also been suggested that these feature can be attributed to +1 charged O V defects rather than to the neutral O V modeled in the present work.
Finally, it is worth pointing out that the amount of Fock exchange empirically determined in this work to be suitable to describe TiO 2 systems is in agreement with the values used by Gerosa et al. 78 based on arguments related to screening of the electron density the dielectric constant of these materials. These authors determine the fraction of Fock exchange self consistently with the static electronic dielectric constant. In such a way, the resulting approach has also an empirical flavor because it makes use of a parameter external to the electronic Hamiltonian. They found that the optimal %Fock parameters are 15.2 % for rutile and 18.4% for anatase from dielectic-dependent hybrid method. 40 The positive part, however, is that the amount of Fock exchange chosen on the basis of the experimental band gap or on the basis of the dielectric constant is very similar and smaller than the values used in standard B3LYP or PBE0.
Therefore, the present approach may provide a sufficiently accurate way to study the electronic structure of large TiO 2 nanoparticles containing hundreds or thousands of atoms where GW techniques are unaffordable and this is being currently analyzed in our computational laboratory. Graphic for TOC
